Kirillov [16] has described a McKay correspondence for finite subgroups of P SL 2 (C) that associates to each 'height' function an affine Dynkin quiver together with a derived equivalence between equivariant sheaves on P 1 and representations of this quiver. The equivalences for different height functions are then related by reflection functors for quiver representations.
Introduction
In [17] , John McKay associated to a finite subgroup G ⊂ SL 2 (C) a graph Γ in which the set of vertices I is labeled by the irreducible representations W i , i ∈ I of G and the number of edges n ij between two irreducible representations W i , W j is given by n ij = dim Hom G (W i , V ⊗ W j ), where V is the standard two dimensional representation of G coming from its embedding in SL 2 (C). McKay then observed that the graph Γ is an affine Dynkin diagram of type A,D, or E.
As we recall in Section 2, this relation between the representation theory of finite subgroups of SL 2 (C) and affine Dynkin diagrams has a description in terms of G-equivariant sheaves on C 2 . More precisely, there is an equivalence (1.1)
between the category of G-equivariant coherent sheaves on C 2 and the category of finitely generated modules over the preprojective algebra Π Γ . For the purposes of this paper we shall refer to this equivalence as the McKay correspondence for C 2 . More geometrically, Kapranov-Vasserot [15] , building on work of GonzalezSprinberg-Verdier [11] , construct a derived equivalence
where X → C 2 / /G is the minimal resolution of the 'Kleinian singularity' C 2 / /G. It is this equivalence that usually goes under the name 'McKay correspondence'.
In another direction, Kirillov [16] has described a projective McKay correspondence for finite subgroups G of P SL 2 (C). Letting Γ be the graph associated by McKay to the double cover G ⊂ SL 2 (C) of G, this projective correspondence relates equivariant sheaves on P 1 to representations of the path algebra of a quiver with underlying graph Γ. More precisely, to each 'height' function h : Γ → Z on the vertices of Γ (defined in Section 3), Kirillov associates a quiver Q h on Γ and an exact equivalence
where D b e G (P 1 ) is the bounded derived category of G-equivariant coherent sheaves on P 1 and D b (Q h ) is the bounded derived category of representations of Q h . Furthermore, the equivalences for different height functions h andh differ by a sequence of the reflection functors of Bernstein-GelfandPonamarev [4] in the sense that there is a commutative diagram of equivalences
It is well-known that the Grothendieck groups of the various quivers Q h can be identified with the affine root lattice associated to the diagram Γ, and that under this identification, the reflection functors generate the action of the affine Weyl group.
The main goal of this paper is to develop an analogous story for the cotangent bundle T * P 1 . Theorem 4.1, together with Proposition 4.5, gives for each height function h an equivalence
where Π Γ is the preprojective algebra of the diagram Γ. In order to relate the various equivalences RΨ h , we consider for each h a 'Γ-configuration' of spherical objects E h i , i ∈ I, together with the associated spherical twists of Seidel-Thomas [19] which act as autoequivalences on the derived category. Just as the equivalences RΦ h in the P 1 -case differed by reflection functors, Theorem 5.8 explains how the equivalences RΨ h differ by spherical twists.
To make the analogy between spherical twists and reflection functors more precise, Proposition 5.4 reinterprets the latter purely in terms of D h , the heart of the standard t-structure on D b (Q h ) is sent to a heart A h ⊂ D b e G (P 1 ) with simple objects E h i , i ∈ I. In terms of the hearts A h , the reflection functors amount to tilting at the simple objects E h i in the sense of Happel-Reiten-Smalø [12] . Similarly, under the inverse equivalence RΨ −1 h , the standard t-structure on D b (Π Γ ) gives a non-standard t-structure on D b e G (T * P 1 ). Restricting this t-structure to the subcategory D ⊂ D b e G (T * P 1 ) of objects supported along the zero section gives a heart B h ⊂ D whose simple objects are the spherical objects E h i that we have already encountered. Proposition 5.9 shows how the action of the spherical twists can be described in terms of tilting at the simple objects E h i . Note that, although the spherical twists are indeed the right analogues of the reflection functors, the situation for T * P 1 is richer than for P 1 , since the spherical twists actually act by autoequivalences on the category D, while the reflection functors are derived equivalences between categories of different quivers and the effect of the reflection functors on D b e G (P 1 ) is merely to tilt t-structures.
Completing the analogy between P 1 and T * P 1 , let us note that there is an isomorphism K 0 (D We summarize the relation between P 1 and T * P 1 in the following table.
Simples E h i
Spherical objects E h i
Reflection functors Spherical twists
Affine Weyl group Braid group Furthermore, together with the equivalences
We may thus view T * P 1 as providing a bridge between the McKay correspondence for P 1 of [16] and the usual McKay correspondence for C 2 .
Remark 1.1. Let us point out that the structures appearing in the above table are very similar to those in Bridgeland's paper [7] , in which exceptional collections on certain Fano varieties are related to collections of spherical objects on canonical bundles. Since the combinatorics of affine ADE diagrams with varying orientation is more complicated than that of the one-way oriented A diagrams appearing in theory of exceptional collections, finding analogies for all of the fine results in [7] requires further work.
In order to keep our exposition self-contained, we recall in Section 2 some algebraic aspects of the McKay correspondence for C 2 . In fact, in Theorem 2.1, we give a geometric construction of an algebra B and an equivalence Coh G (V ) → B-mod for any finite group G acting linearly on a vector space V . We then show in Theorem 2.4 that our algebra B is Koszul and use this to realize B as quotient of the path algebra of the McKay quiver by quadratic relations. When G ⊂ SL 2 (C), we note that B ≃ Π Γ , the preprojective algebra of the affine Dynkin diagram Γ associated to G. Finally, in Lemma 2.6 we characterize Π Γ as the Koszul dual of the Ext-algebra of a collection of spherical objects. These results will be used in later sections and should be of independent interest.
The affine McKay correspondence and Koszul duality
Let G be a finite group and V a finite dimensional representation over C. Let I be an index set for the irreducible representations of G, and for i ∈ I, let W i be the corresponding irreducible representation. We think of V as the total space of a G-equivariant vector bundle over a point, with projection π and zero-section s:
Taking the pull-back π * W of the equivariant vector bundle W = ⊕ i W i on the point, we set
The following theorem shows that the algebra B encodes everything there is to know about G-equivariant coherent sheaves on the affine space V .
Theorem 2.1. There is an equivalence
from G-equivariant coherent sheaves to finitely generated left B-modules, where the action on an object Ψ(F ) is given by precomposition with elements of
Proof. We use the standard fact that if A is a cocomplete abelian category then the functor Hom(P, −) : A → End(P ) op -Mod is an equivalence if and only if P is small (Hom(P, −) commutes with sums), projective, and a generator of A (given an object X ∈ A there is a surjection P ⊕I ։ X for some index set I). See for instance [18] .
In our case, we take QCoh G (V ), the category of G-equivariant quasicoherent sheaves on V , as our cocomplete abelian category. Then the object π * W is small (the underlying quasi-coherent sheaf is free of finite rank and taking invariants commutes with sums) and projective (again because the sheaf is free of finite rank and taking invariants is exact). To see that π * W is a generator, note that given any quasi-coherent G-sheaf F , we can pushforward to the point to get a G-representation π * F , which splits as a sum of irreducibles. There is thus a surjection W ⊕I ։ π * F , which pulls-back to a surjection π * W ⊕I ։ π * π * F . Composing with the counit π * π * F → F , which is surjective since F is generated by its global sections, gives a surjection π * W ⊕I ։ F , showing that π * W is a generator for QCoh G (V ). Thus the functor Ψ = Hom G (π * W, −) : QCoh G (V ) → B-Mod is an equivalence, by the above quoted fact.
Finally, we check that this equivalence restricts to an equivalence between coherent G-sheaves Coh G (V ) and finitely generated B-modules B-mod. First note that we can realize every coherent G-sheaf F as a quotient π * W ⊕n ։ F . We can do this by first constructing a non-equivariant surjection O ⊕m ։ F , inducing to an equivariant surjection π * CG ⊕m ։ g F , and then composing a surjection π * W ⊕n ։ π * CG ⊕m with a surjection g F ։ F . Applying the functor Ψ to the surjection π * W ⊕n ։ F gives a surjection B ⊕n ։ Ψ(F ), so Ψ restricts to a functor from Coh G (V ) to B-mod, which we already know to be full and faithful. To see that the restriction of Ψ is essentially surjective, realize a finitely generated B-module M as a quotient B ⊕n ։ M and apply the inverse equivalence Ψ −1 to get a surjection π
To understand the algebra B, we use some basic facts about Koszul algebras.
Let B be a graded algebra with semisimple degree zero part B 0 , which we also consider as a B-module via B/B ≥1 ≃ B 0 .
Definition 2.2. B is called Koszul if the algebra
is generated in degree 1.
We assume further that B is finite, meaning that each B i is finitely generated as a left and a right B 0 -module, and that B is Noetherian. We summarize the facts that we need in the following theorem, the proofs of which can be found in [3] . 
, we can also form the matrix P (E(B), t).
Then B is Koszul if and only if
Let us return to the algebra B = End G (π
claim that the algebra B is Noetherian. To see this, first note that the endomorphism algebra End X (F ) of any coherent sheaf F on a Noetherian scheme X must be Noetherian, since any ascending chain of ideals I 1 ⊆ I 2 ⊆ · · · of End X (F ) is in particular an ascending chain of submodules of End X (F ) thought of as a finitely generated module over the Noetherian algebra A = O X (X) and so must eventually terminate. If X carries the action of a finite group, then by an ancient theorem of Noether A is finite as a module over the ring of invariants A G , and so the invariant endomorphisms End G (F ) are a finitely generated module over A G . Then the same argument on the ascending chain of ideals I 1 ⊆ I 2 ⊆ · · · of End X (F ) works to show that the algebra End G (F ) is Noetherian.
Next, note that
, a commutative semisimple algebra. Given this property of B 0 and the fact that B is Noetherian, we may try to apply the numerical criterion to check that our algebra B is Koszul.
To apply the numerical criterion, we need to understand E(B). By the adjunction π * ⊣ π * , we see that the image of s * W under the equivalence Ψ :
and thus we have an isomorphism E(B) = Ext
In order to apply the numerical criterion to our algebra B we need expressions for the Poincaré series of the graded vector spaces (S • V * ⊗U) G and (
• V ⊗ U) G where U is some G-representation. Letting S U (t) be Poincaré series of the first and E U (t) the series of the second, Molien's formulae are (2.3)
A proof of the first formula can be found in [10, Theorem 3.2.2], and the second formula follows similarly.
Proof. We use the numerical criterion and the isomorphism E(B) ≃ (
G . The degree zero part of B is commutative semisimple with one
Thus we have matrices S(t) := P (B, t) and E(t) := P (E(B), t) of Poincaré series with rows and columns indexed by irreducibles. We need to check that S(t) · E(−t) = Id. The (p, r) entry of the product takes the form q S pq (t) · E qr (−t). Letting χ kl be the character of the representation Hom(W k , W l ) and setting ∆ g = det V (1 − g −1 · t), Molien's formulae give
where in the expression for S pq (t) we have χ qp instead of χ pq because we have taken the opposite algebra and in the expression for E qr (−t) we take the value of the character on h −1 so that we have ∆ h instead of ∆ h −1 . Letting ∆ = g∈G ∆ g , the (p, r) entry of our product is
We claim that this is equal to zero when p = r and equal to one when p = r. Thus the product of our matrices will indeed be the identity. To see this, notice that the contribution to the above expression coming from a fixed pair g, h and summing over q will be
The factor before the sum is constant for a fixed pair g, h and the sum itself can be determined by the second orthogonality relation for characters: it is equal to zero when g and h are not conjugate and is equal to |C G (h)| when they are conjugate. Let g ∼ h denote that g and h are conjugate in G. After summing up q we are left with
Note that the sum on the right is over conjugate pairs.
For each g, we have ∆ h k =g ∆ k = ∆, so we can cancel the 1/∆ in front of the sum. The summand χ p (g)χ r (h −1 ) only depends on the conjugacy class of h since g and h are conjugate, and so the number of times χ p (g)χ r (h −1 ) is counted in the sum is the number of elements in the conjugacy class of h. Since the factor
is precisely the reciprocal of this number, we are left with
where the last equality is from orthogonality of the irreducible characters.
One interesting consequence of Koszulity for the algebra B is that it must be quadratic, by Theorem 2.3. That is, the natural homomorphism T
B 1 → B is surjective with kernel generated in degree 2. In fact, since
B as the path algebra of a quiver whose vertices are labeled by the e i and whose arrows from e i to e j are identified with a basis for e i B 1 e j . Since in fact In general the relations can be quite difficult to write down. The best method here is to find a 'superpotential' for the algebra B whose derivatives give the relations. For more on this and for another approach to proving Koszulity for an algebra isomorphic to B, see the paper of BocklandtSchedler-Wemyss [5] .
Spherical objects
For our purposes, having a presentation of B as the quotient of a path algebra will be less important than the characterization of B in terms of configurations of spherical objects, as introduced by Seidel and Thomas [19] . See [14, Chapter 8] for a nice exposition.
In our applications we'll be interested in a smooth, quasi-projective surface X carrying the action of a finite group G and whose canonical bundle is trivial as a G-sheaf (for instance, G ⊂ SL 2 (C), X = V a 2-dimensional vector space). In this case, an object E ∈ D b G (X) is called spherical if there is a graded ring isomorphism Ext
, where S 2 is the 2-sphere. Given a graph Γ, a Γ-configuration of spherical objects is a collection of spherical objects E i indexed by the nodes of Γ such that dim Ext 1 (E i , E j ) = # edges from i to j and all other Exts vanish.
In all the cases that we consider, the objects E i lie in a full triangulated subcategory D of D b G (X) consisting of objects whose cohomology is supported on a fixed compact subvariety. Compact support ensures that all Homs are finite dimensional and that the subcategory D has Serre duality, while triviality of ω X means that duality takes the simple form Hom
* . A triangulated category with these properties is commonly called 2-Calabi-Yau (2-CY).
A much-studied example (see for instance [6] ) is when
is the full triangulated subcategory supported at the origin. Here we have a Γ-configuration for Γ the affine Dynkin diagram associated to G. The spherical objects are s * W i ≃ W i ⊗ O 0 for the irreducible G-representations W i . To see that these objects are spherical, recall the isomorphism 2.2:
Since V ⊗ Hom(W i , W i ) has no invariants by McKay's observation and since 2 V is trivial, the latter algebra is indeed isomorphic to
G is zero in degrees 0 and 2 by Schur's lemma and 
is given by the Cartan matrix of Γ, so we may identify K 0 (D) with the affine root lattice associated to Γ and the E i with a base of simple roots.
In this way we think of D as a categorification of the affine root lattice, with bases of simple roots replaced by Γ-configurations of spherical objects and the action of the Weyl group replaced by the action of the braid group B Γ . For more on this point of view, see Khovanov and Huerfano [13] , who use the algebra E(B) to categorify the adjoint representation of the quantum group associated to Γ.
The following lemma shows that in dimension two this example is in some sense universal.
Lemma 2.6.
1. The objects
of objects supported at the origin.
The Ext-algebra of this Γ configuration,
is Koszul with Koszul dual Π Γ , the preprojective algebra of the diagram Γ.
Let Γ be an affine Dynkin diagram of type
Then the Ext-algebras of the two Γ-configurations are isomorphic:
By 2., any such Ext-algebra is Koszul.
Proof. 1. We have already seen this in the discussion before the lemma.
2. This is well-known and not difficult. See Example 2.8 for an argument in Type A. Types D and E are dealt with similarly.
Let
* ≃ C by sphericity and Serre duality and all other Homs and Ext 2 s are zero by the condition of being a Γ-configuration.
Thus the composition Ext
is just the Serre pairing and we have Ext
To establish an isomorphism between the Ext-algebras of ⊕ i E i and ⊕ i E ′ i , it is enough to take the natural identifications for Homs and Ext 2 s and then to give an isomorphism on Ext 1 s compatible with the above pairing. To achieve this, choose for every pair of adjacent vertices i and j a postive direction i → j and give an isomorphism Ext
. Then letting the isomorphism for the negative direction j → i be determined by duality ensures compatability with the pairing.
Remark 2.7. The lemma is very useful. If B is any graded algebra for which E(B) is an Ext-algebra of a Γ-configuration, then by the third part of the lemma there is an isomorphism
Then by Koszul duality (Theorem 2.3) and the second part of the lemma,
This will be important in Section 5, where we use Γ-configurations of spherical objects to relate equivariant sheaves on the cotangent bundle T * P 1 to the above universal example.
Example 2.8. Let G = Z/nZ. Defining W 1 to be the irreducible representation of Z/nZ where 1 acts as multiplication by ζ = e 2π i/n , all of the other irreducible representations are just powers of this one, which we denote by W 0 , W 1 , . . . , W n−1 . The group Z/nZ embeds in SL 2 (C) with cyclic generator
so that the standard representation takes the form V = W 1 ⊕ W n−1 . In this case it is straight-forward to check that the McKay quiver is
To find a presentation for B = End G (π * W ) op we first find a presentation for E(B) = Ext • G (s * W, s * W ) and then compute its quadratic dual E(B)
! . By Theorem 2.3, there is a canonical isomorphism B ≃ E(B)
! op , so this will be sufficient.
First we find a nice basis of generators for
) and define the counterclockwise arrows (i + 1|i) ∈ Ext 1 (s * W i , s * W i−1 ) by requiring that the whole collection form Darboux coordinates for the antisymmetric Serre pairing
Denoting the product (j|k) · (i|j) = (i|j|k), then component by component, this means that Tr((i|i + 1|i)) = 1 and Tr((i + 1|i|i + 1)) = −1.
whenever k = i. By the antisymmetry of the Serre pairing we also have a relation
for each i. I claim that these two kinds of relations form a basis for the space R of relations, that is, for the kernel of Ext
. Indeed, the space on the left has dimension equal to the number of paths of length two, while the space on the right has dimension equal to the number of nodes of the quiver. Since the map is surjective, the kernel has dimension equal to the number of length two paths minus the number of nodes. But this is precisely the number of relations that we have given. It will thus be enough to see that our relations span the kernel. So consider a relation on paths of length two:
Since (i|j|k) = 0 when k = i, we can ignore those terms, and by the splitting Ext
, we can consider the individual pieces a ii+1i (i|i+ 1|i) + a ii−1i (i|i−1|i) = 0 of the sum. Taking the trace of this latter relation, we see that a ii+1i − a ii−1i = 0, so the relation is a scalar multiple of (i|i + 1|i) + (i|i − 1|i) = 0, and so our relations are indeed sufficient.
Having found bases of generators and of relations for E(B) we can compute the quadratic dual E(B)
! . Let i|i + 1 and i|i − 1 be dual to (i + 1|i) and (i − 1|i). I claim that a basis for the dual relations R ⊥ is given by the elements
for each i. The number of such elements is equal to the number of nodes, which is exactly the dimension of R ⊥ , and they certainly kill the space R, so it is enough to see that they span R ⊥ . Suppose that b ijk j|k ⊗ i|j ∈ R ⊥ . Then in particular it must kill (m|n) ⊗ (l|m) when l = n, and so b nml = 0. This leaves b iji j|i ⊗ i|j , which must kill (k + 1|k) ⊗ (k|k + 1) + (k − 1|k) ⊗ (k|k − 1) for all k, so b kk+1k + b kk−1k = 0, and we see our relations are sufficient.
If α = i|i + 1 , then α = i + 1|i and the relation in 2.5 is precisely the ith component of the preprojective relations.
3 McKay correspondence for P 1 We review here Kirillov [16] and prove some related facts that will be useful later.
Let V be a 2-dimensional vector space, set P 1 = P(V ), and assume that our finite subgroup G ⊂ SL(V ) contains ±I. We divide G-representations and G-sheaves into two types, even and odd, depending on whether −I acts trivially or non-trivially.
We shall be mostly interested in coherent, even G-sheaves, which we can also think of as G = G/ ± I-sheaves, where G is now a subgroup of P SL(V ). We denote by Coh e G the category whose objects are even G-sheaves and whose morphisms lie in Hom G , the invariant part of Hom in the category of coherent sheaves. Coh e G is abelian and we denote its bounded derived category by D b e G (P 1 ).
It will be convenient to work with odd sheaves as well. For instance, the G-action on the trivial bundle V stabilizes the tautological sub-bundle O(−1). With this natural G-action, O(−1) is an odd sheaf since −I acts non-trivially on the fibres. As a tensor power of O(−1
Generalizing these properties of the parity function, we define a height function to be a function h : Γ → Z on the vertices of Γ satisfying the conditions:
The first condition says that the parity of the height of a vertex agrees with the parity of the representation W i , so each height function h gives rise to a collection of even G-sheaves
indexed by the nodes i ∈ Γ. The second condition says that the height goes up or down one step between neighboring vertices of Γ. The height function then determines an orientation on the edges of Γ by letting the edges flow downhill. We denote the resulting quiver by Q h . Example 3.1. Let G = Z/nZ and take the height h to be equal to the parity function p. The resulting quiver is pictured below, with the vertices labeled by the even G-sheaves.
We can now give a main result of [16] , stated in a form convenient for us.
op be the opposite algebra of the endomorphism algebra of the collection F h i , i ∈ Γ. Then the natural functor
to the bounded derived category of finitely generated left A h -modules is an equivalence.
Kirillov shows moreover that there is an isomorphism of algebras
In the rest of this section we give some definitions and comments about the category D b e G (P 1 ) that will be useful later. We let T denote the tangent bundle of P 1 and ω the canonical bundle. Since G ⊂ SL 2 (C), any isomorphisms T ≃ O(2) and ω ≃ O(−2) will be G-equivariant.
We call a vertex i of Q h a sink if it has lower height than its neighbors, so that arrows are coming in to i, and a source if it has greater height than its neighbors, so that arrows are coming out of i. Given a height function h for which i is a sink or a source, define a new height function σ
Since we have assumed ±I ⊂ G, the Dynkin diagrams that we are considering are bipartite and one can check that one height function differs from another by a sequence of such operations, turning sinks into sources and sources into sinks.
The following observation of Kirillov is essential. If i ∈ Q h is a source, then
Likewise, if i ∈ Q h is a sink, then tensoring the Euler sequence with F h i (1) gives
Proof. First we check that the statement is true when h is the parity function. Then we show that if the statement is true for a height function h, it is also true for the modified height functions σ + i h and σ − i h. Since every height can be obtained from the parity function by a sequence of such modifications, this will establish the lemma.
By Serre duality, Ext
If h is the parity function, the latter space is zero since F h l ⊗ T ⊗(d+1) has higher degree than F h k , so the lemma holds for the parity function. Now assume the lemma is true for a height h and that i is a sink in h. We want to see that the lemma must hold for σ + i h. Consider the possible values of k and l.
, since tensoring with O(2) is an equivalence. The latter space is zero by assumption on h.
If k, l = i, then σ + i h(k) = k and we have Ext
The latter space is zero by assumption on h.
If l = i and k = i, then σ
). The latter space is zero by assumption.
Finally, consider the case k = i and l = i.
), and we are done by assumption. If d = 0, then by Serre duality Ext
The dimension of the latter space is the number of paths from i to j in Q h , which is zero since i is a sink.
Thus if the lemma holds for a height function h, then it also holds for σ + i h. A similar argument shows that it also holds for σ − i h. For the proof of the next lemma we use Beilinson's resolution of the diagonal [2] , which on P 1 × P 1 takes the form
for p and q the projections of P 1 × P 1 onto the left and right factors respectively. The resolution is canonically constructed and so is automatically G-equivariant, and in fact each of its terms is an even G-sheaf.
Taking F ∈ D(QCoh e G (P 1 )) and using the resolution of the diagonal as the kernel of a derived integral transform, we get an exact triangle
). Applying the projection formula and flat base-change then gives the exact triangle
Notice that since RΓ(F ) ⊗ O ∈ D(QCoh e G (P 1 )), RΓ(F ) must be a complex of even G-representations. Similarly, since ω(1) is an odd sheaf and RΓ(F (−1)) ⊗ ω(1) ∈ D(QCoh e G (P 1 )), RΓ(F (−1)) must be a complex of odd representations in order to make the tensor product with ω(1) even.
Lemma 3.4. For any height function h, the collection F
Proof. As in the proof of Lemma 3.3, we first show the statement is true when h is the parity function and then show that if the statement is true for a height function h, then it is also true for σ Indeed, if RΓ(F ) = RHom(O, F ) were non-zero, then since it consists of even representations it would contain some non-zero irreducible even representation W i and we would have (W * i ⊗ RHom (O, F ) )
0. This contradicts the assumption that RHom G (F h i , F ) = 0 for all i, since W i = F h i for h the parity function and i even. Likewise, by assumption (O(1), F ) ) G = 0 for all odd representations W i , but RHom(O(1), F ) consists of odd representations, and so must be zero. Now assume the conclusion of the lemma holds for a height function h. We will show that this implies the lemma for σ 
gives an exact triangle of complexes of vector spaces
The last two terms are zero by assumption on σ − i h, so the first term must be zero too, as claimed.
A similar argument shows that if the lemma holds for h, then it also holds for σ + i h when i is a sink. Thus the lemma holds for all height functions. We conclude this section by making some standard remarks about categories of modules over finite dimensional algebras (see [1] ) and introducing some important t-structures on the category D
op is finite dimensional, the category A h -mod of finitely generated modules is of finite length, meaning that every object has a finite filtration with simple quotients, and by the Jordan-Holder theorem these simples and their multiplicities do not depend on the filtration. The simple representations of the algebra A h are indexed by the vertices of the diagram Γ. Given a vertex i, we have the ith idempotent e i = 1 ∈ Hom G (F h i , F h i ) and the corresponding simple is
In terms of the quiver Q h , the simple consists of a one-dimensional vector space at i and zeroes elsewhere. By the Jordan-Holder theorem, the classes of the simples S h i form a basis for K 0 (Q h ).
We also have the indecomposable projectives P h i = A h e i , which are dual to the S h i under the Euler form on K 0 (Q h ):
Since every representation has a resolution by sums of the P h i , the classes of the P h i span K 0 (Q h ), and by duality with S h i , they are linearly independent, so the indecomposable projectives provide another basis for K 0 (Q h ).
Applying the inverse equivalences from Theorem 3.2, we get for each height function h the heart of a bounded t-structure
with simple objects E 
, which is just a one-dimensional vector space concentrated at the ith vertex of Q h , the simple E h i ∈ A h is the unique object in D b e G (P 1 ) for which
where C denotes the complex with C in degree zero and zeroes elsewhere.
The hearts A h will play an important role in our discussion. In particular, we need the following two lemmas, which describe how the simples of one heart are related to each other and to the simples of another heart. 
) ≃ C (see Remark 3.5), so to establish the claim we check that E h i [−1] satisfies these two conditions. For the first condition, note that RHom G (F
j. As in Claim 1, we check that E h j satisfies the characteristic properties of E 
, whose first two terms and hence last term are zero.
both concentrated in degree 0). Thus if the first arrow in the triangle is non-zero, it must
give an isomorphism 
We have seen in the course of our argument that the result is zero when restricted to summands with k = i. If it were also zero when k = i, then the morphism
We now give the analogue for the cotangent bundle T * P 1 of the equivalences
Let π be the projection and s the zero-section for T * P 1 :
from the derived category of G-sheaves on T * P 1 to the derived category of finitely generated B h -modules.
The following theorem is analogous to [7, 
Proof. Like in the proof of 2.1, we must check that there are no higher Exts between the F To compute Exts, use the adjunction π * ⊣ π * and the projection formula:
where T denotes the tangent bundle of P 1 . Each summand on the right is zero by Lemma 3.3, so indeed we have vanishing of the higher Exts.
Next we establish generating. Suppose that we have
Applying the adjunction, we have RHom G (F h i , Rπ * G) = 0 for all i, so by Lemma 3.4 above, Rπ * G = 0. But π is an affine map, so π * is exact and has no kernel, hence G = 0.
Remark 4.2. Note that our algebra
, which is a commutative semisimple C-algebra with one summand for each i.
As in Section 2, we shall apply Koszul duality to understand the graded algebra B h . For this, we need to compute some Exts, which we shall do using the following lemma from [7, pg. 20 ].
In particular, the lemma allows us to compute Exts between the objects
.4. Let h be a height function on Γ and set E
For any height function h, the E h i form a Γ-configuration of spherical objects. Proof. The three isomorphisms are just Lemma 4.3.
To see that the E h i form a Γ-configuration, note that Hom 
the Ext algebra of the spherical Γ-collection E Proof. From the adjunction s * ⊣ Ls * , we see that
By the remarks before Lemma 3.6, the right hand side is zero when i = j and is 1-dimensional and concentrated in degree zero when i = j. Thus we see that RΨ h (E h i ) ≃ e i B h e i , the ith simple of the algebra B h . Since RΨ h is an equivalence,
Thus E(B h ) is the Ext-algebra of a Γ-configuration and by Lemma 2.6, there is an isomorphism B h ≃ Π Γ and B h is Koszul.
Remark 4.6. Putting together the equivalences of Theorems 4.1 and 2.1 and the isomorphisms B h ≃ Π Γ , we see that for each height function h there is a chain of equivalences
which provides a bridge between the projective McKay correspondence of [16] and the usual McKay correspondence for C 2 .
As pointed out by Khovanov-Huerfano [13] , a single equivalence
can be obtained by noting that there is an isomorphism of resolutions Y → T * P 1 / G and X → C 2 /G. Applying the celebrated theorem of Bridgeland-King-Reid [8] then gives equivalences
Reflection functors and spherical twists
One of the most interesting aspects of Kirillov's paper [16] is that the equivalences RΦ h for different h are related by the reflection functors of BernsteinGelfand-Ponamarev [4] . We show that in terms of D b e G (P 1 ), the reflection functors amount to tilting at a simple object. On D b e G (T * P 1 ) the reflection functors are replaced by spherical twists which relate the various equivalences RΨ h . We also note that the action of the twist can be described in terms of tilting at a simple object. This completes our description of the relation betweeen the McKay correspondences for T * P 1 and P 1 as outlined in the table from the introduction.
Reflection functors
Recall from Section 3 that if i is a sink in a quiver Q, we define a new quiver σ + i Q by reversing all arrows adjacent to i so that it becomes a source. Likewise, if i is a source, we define σ − i Q so that i becomes a sink. Accompanying these operations on quivers are the reflection functors of Bernstein-Gelfand-Ponomarev [4] Rep Q
In the first case, given a sink i in Q and representation V , define σ + i V to be the same as V away from i, and at i replace V i with the kernel of the natural morphism j→i V j → V i . The arrows from (σ
This defines the functor on objects and its definition on morphisms is the obvious one. Likewise, if i is a source, σ We record some basic and well-known facts about the reflection functors.
Lemma 5.1. In the case of a Dynkin diagram, the functors thus generate the action of the Weyl group on the root lattice, which we identify with K 0 of the quiver.
The functor σ
Theorem 8.9 in [16] gives the relation between the equivalences RΦ h for different height functions in terms of reflection functors.
Theorem 5.2. We have a commutative diagram of equivalences
RΦ h z z t t t t t t t t t t
Likewise, we have Rσ 
We can now state the relation between various hearts A h in terms of tilting.
Proposition 5.4. Denoting the left and right tilts at E
Proof. This follows essentially from the well-known relation between the reflection functors and tilting (in fact tilting was invented to generalize the reflection functors). Letting C h ⊂ D b (Q h ) denote the standard heart, the relation is that Lσ
We check the first and the second is similar.
Since both Lσ
) and R i C h form hearts of bounded t-structures for D b (Q h ) and nested hearts are in fact equal, it is enough to see that Lσ
) is finite length and is the smallest extension closed subcategory containing its simples, so it is enough to check that Lσ
By the definition of right tilting, we then must see that H 0 (Lσ
where W is the quiver representation with C at i and j and an isomorphism for the arrow joining them. Thus in all cases H 0 (Lσ
After applying the functor, the map σ
Since tilting commutes with equivalences and we have RΦ
, the proposition follows.
Spherical twists
In the category D 
consisting of objects (set-theoretically) supported along the zero-section. There are two main advantages of working with D. First, it is 2-CY, since the canonical bundle is trivial on T * P 1 and the condition of support along the zero-section ensures the category is Hom-finite. Second, D is the smallest triangulated subcategory of D b e G (T * P 1 ) containing the objects E h i , i ∈ I, since any object F ∈ D is an extension of its cohomology objects, each of which is set-theoretically supported on the zero-section and so has a natural filtration for which the associated graded pieces are pushed-forward from objects in D bG (P 1 ), which are in turn extensions of the E Consider the defining exact triangle
with the first isomorphism being a standard property of spherical twists in a 2-CY category, the second isomorphism is from exactness of s * , the third by Lemma 3.7, and the last by definition.
If i = j and i j, then RHom G (E Note that the relation among the hearts B h ⊂ D by autoequivalences is stronger than the relation among the hearts A h by tilting (Proposition 5.4). Our final result, which is well-known to experts, shows that the weaker relation of tilting is induced by the spherical twists, thus completing the analogy between the spherical twists and the reflection functors outlined in the table from the introduction. Proof. Since bounded t-structures with nested hearts are equal , it is enough to check that T S (A) ⊆ L S (A), and since the T S (A) is finite length, it is enough to check that T S (S ′ ) ∈ L S (A) for every simple S ′ ∈ A. When S = S ′ , we know that T S (S) = S[−1] so that indeed H 0 (T S (S)) = 0 ∈ S ⊥ and H 1 (T S (S)) = S ∈ S . Thus T S (S) ∈ L S A. Otherwise consider the exact triangle
By Schur's lemma, Hom(S, S ′ ) = Hom(S ′ , S) = 0, and so by Serre duality Ext 2 (S, S ′ ) = 0. Then from the long exact sequence in cohomology we see that H i (T S (S ′ )) = 0 for i = 0 so that T S (S ′ ) ≃ H 0 (T S (S ′ )). The non-zero part of the long exact sequence is thus
Applying Hom(S, −) gives 0 → Hom(S, T S (S ′ )) → Ext 1 (S, S ′ ) ⊗ Hom(S, S) → Ext 1 (S, S ′ ) → 0.
The map on the right being an isomorphism, we have Hom(S, T S (S ′ )) = 0, whence T S (S ′ ) ∈ S ⊥ .
